Ñõîäèìîñòü ÷èñëîâûõ ðÿäîâ


×èñëîâûì ðÿäîì íàçûâàåòñÿ ñóììà


u1 + u2 + u3 + ... + un + ... = � EMBED Equation.2  ���.


Âûðàæåíèå un íàçûâàåòñÿ îáùèì ÷ëåíîì ðÿäà. Ñóììà n ïåðâûõ ÷ëåíîâ ðÿäà


� EMBED Equation.2  ���


íàçûâàåòñÿ n-é ÷àñòè÷íîé ñóììîé.


Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì


� EMBED Equation.2  ���,


òî ÷èñëîâîé ðÿä íàçûâàþò ñõîäÿùèìñÿ, à ÷èñëî s íàçûâàþò ñóììîé ðÿäà:


� EMBED Equation.2  ���.


Åñëè ïðåäåë ïîñëåäîâàòåëüíîñòè ÷àñòè÷íûõ ñóìì íå ñóùåñòâóåò èëè áåñêîíå÷åí, òî ðÿä íàçûâàþò ðàñõîäÿùèìñÿ. Äëÿ ñõîäèìîñòè ðÿäà íåîáõîäèìî (íî íå äîñòàòî÷íî), ÷òîáû åãî îáùèé ÷ëåí ñòðåìèòëñÿ ê íóëþ.


Åñëè ðÿä � EMBED Equation.2  ��� ñõîäèòñÿ è èìååò ñóììó s, òî ðÿä � EMBED Equation.2  ��� òàêæå ñõîäèòñÿ è èìååò ñóììó ls. Åñëè ñõîäÿòñÿ ðÿäû � EMBED Equation.2  ��� è � EMBED Equation.2  ���, òî ðÿä � EMBED Equation.2  ��� òàêæå ñõîäèòñÿ è èìååò ñóììó � EMBED Equation.2  ���.


Äàëåå ðàññìàòðèâàþòñÿ ðÿäû ñ ïîëîæèòåëüíûìè ÷ëåíàìè.


Ñïðàâåäëèâ ïðèçíàê ñðàâíåíèÿ. Ïóñòü äàíû ðÿäû �EMBED Equation.2��� (a) è �EMBED Equation.2��� (b), ïðè÷åì �EMBED Equation.2��� äëÿ ëþáîãî n. Òîãäà:


1. Åñëè ñõîäèòñÿ ðÿä (b), òî ñõîäèòñÿ ðÿä (a).


2. Åñëè ðàñõîäèòñÿ ðÿä (a), òî ðàñõîäèòñÿ ðÿä (b).


Ïðèçíàê Äàëàìáåðà: Åñëè ïðè �EMBED Equation.2��� ñóùåñòâóåò êîíå÷íûé ïðåäåë îòíîøåíèÿ ïîñëåäóþùåãî ÷ëåíà ê ïðåäûäóùåìó, ðàâíûé r:


�EMBED Equation.2���,


òî ïðè � EMBED Equation.2  ��� ðÿä ñõîäèòñÿ, ïðè � EMBED Equation.2  ��� ðàñõîäèòñÿ.


Ðàäèêàëüíûé ïðèçíàê Êîøè: Åñëè ïðè � EMBED Equation.2  ��� ñóùåñòâóåò êîíå÷íûé ïðåäåë êîðíÿ n-é ñòåïåíè èç îáùåãî ÷ëåíà, ðàâíûé r:


� EMBED Equation.2  ���,


òî ïðè � EMBED Equation.2  ��� ðÿä ñõîäèòñÿ, ïðè � EMBED Equation.2  ��� ðàñõîäèòñÿ.


Èíòåãðàëüíûé ïðèçíàê Êîøè.


Ïóñòü äàí ðÿä � EMBED Equation.2  ��� ñ ïîëîæèòåëüíûìè ÷ëåíàìè, ÿâëÿþùèìèñÿ çíà÷åíèÿìè íåïðåðûâíîé ôóíêöèè


� EMBED Equation.2  ���, � EMBED Equation.2  ���, …, � EMBED Equation.2  ���, …


êîòîðàÿ ìîíîòîííî óáûâàåò íà èíòåðâàëå � EMBED Equation.2  ���. Òîãäà ðÿä ñõîäèòñÿ, åñëè ñõîäèòñÿ íåñîáñòâåííûé èíòåãðàë � EMBED Equation.2  ���, è ðàñõîäèòñÿ, åñëè ýòîò èíòåãðàë ðàñõîäèòñÿ.


Çíàêî÷åðåäóþùèìñÿ íàçûâàþò ðÿä, ÷ëåíû êîòîðîãî ïîî÷åðåäíî ïîëîæèòåëüíû è îòðèöàòåëüíû


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


Ïðèçíàê Ëåéáíèöà: Åñëè â çíàêî÷åðåäóþùåìñÿ ðÿäå ìîäóëè ÷ëåíîâ óáûâàþò


� EMBED Equation.2  ���,


è îáùèé ÷ëåí ñòðåìèòñÿ ê íóëþ


� EMBED Equation.2  ���,


òî ðÿä ñõîäèòñÿ, à ìîäóëü åãî ñóììû íå ïðåâûøàåò ìîäóëÿ ïåðâîãî ÷ëåíà.


Ôóíêöèîíàëüíûå ðÿäû è ñòåïåííûå ðÿäû


Ôóíêöèîíàëüíûì ðÿäîì íàçûâàåòñÿ ñóììà áåñêîíå÷íîãî ÷èñëà ôóíêöèé, çàäàííûõ íà íåêîòîðîì ìíîæåñòâå X:


� EMBED Equation.2  ���.


Ôèêñèðóåì òî÷êó � EMBED Equation.2  ��� è ðàññìîòðèì ÷èñëîâîé ðÿä:


� EMBED Equation.2  ���.


Åñëè ýòîò ðÿä îêàçûâàåòñÿ ñõîäÿùèìñÿ, òî òî÷êà x0 íàçûâàåòñÿ òî÷êîé ñõîäèìîñòè. Ìíîæåñòâî âñåõ òî÷åê ñõîäèìîñòè íàçûâàþò îáëàñòüþ ñõîäèìîñòè.


Ñòåïåííûì ðÿäîì ïî ñòåïåíÿì x íàçûâàåòñÿ ôóíêöèîíàëüíûé ðÿä


� EMBED Equation.2  ���,


â êîòîðîì an – ÷èñëà, íàçûâàåìûå êîýôôèöèåíòàìè ðÿäà.


Ðàññìàòðèâàþò òàêæå ðÿäû ïî ñòåïåíÿì � EMBED Equation.2  ���:


� EMBED Equation.2  ���.


Õàðàêòåð îáëàñòè ñõîäèìîñòè ñòåïåííîãî ðÿäà óñòàíàâëèâàåò òåîðåìà Àáåëÿ.


1. Åñëè ñòåïåííîé ðÿä � EMBED Equation.2  ��� ñõîäèòñÿ ïðè � EMBED Equation.2  ���, òî îí ñõîäèòñÿ ïðè ëþáîì çíà÷åíèè x, òàêîì, ÷òî � EMBED Equation.2  ���.


2. Åñëè ðÿä ðàñõîäèòñÿ ïðè íåêîòîðîì � EMBED Equation.2  ���, òî îí ðàñõîäèòñÿ ïðè ëþáîì x, òàêîì, ÷òî � EMBED Equation.2  ���.


Èç òåîðåìû Àáåëÿ ñëåäóåò, ÷òî äëÿ ëþáîãî ñòåïåííîãî ðÿäà ñóùåñòâóåò ÷èñëî � EMBED Equation.2  ���, òàêîå, ÷òî ïðè � EMBED Equation.2  ��� ðÿä ñõîäèòñÿ, à ïðè � EMBED Equation.2  ��� ðàñõîäèòñÿ (â òî÷êàõ � EMBED Equation.2  ��� ñõîäèìîñòü äîëæíà óñòàíàâëèâàòüñÿ èç äîïîëíèòåëüíûõ ñîîáðàæåíèé). ×èñëî R íàçûâàþò ðàäèóñîì ñõîäèìîñòè, à èíòåðâàë � EMBED Equation.2  ��� íàçûâàþò èíòåðâàëîì ñõîäèìîñòè.


Äëÿ íàõîæäåíèÿ ðàäèóñà ñõîäèìîñòè ìîæíî âîñïîëüçîâàòüñÿ êàêèì-ëèáî ïðèçíàêîì ñõîäèìîñòè ÷èñëîâîãî ðÿäà, ïðèìåíèâ åãî ê ðÿäó èç ìîäóëåé êîýôôèöèåíòîâ.


Ðÿä Òåéëîðà


Ïóñòü ôóíêöèÿ � EMBED Equation.2  ��� â îêðåñòíîñòè òî÷êè x0 èìååò ïðîèçâîäíûå ëþáîãî ïîðÿäêà. Ãîâîðÿò, ÷òî ôóíêöèÿ � EMBED Equation.2  ��� ðàçëîæåíà â ñòåïåííîé ðÿä, åñëè îíà ïðåäñòàâëåíà â âèäå ñóììû ðÿäà, ñõîäÿùåãîñÿ ê � EMBED Equation.2  ��� â èíòåðâàëå, ñîäåðæàùåì òî÷êó x0:


� EMBED Equation.2  ���.�
(a)�
�
Íàéäåì êîýôôèöèåíòû ðàçëîæåíèÿ.


Ïîëîæèì � EMBED Equation.2  ���. Òîãäà (a) ïðèìåò âèä � EMBED Equation.2  ���, îòêóäà � EMBED Equation.2  ���.


Äèôôåðåíöèðóÿ îáå ÷àñòè (a), ïîëó÷èì


� EMBED Equation.2  ���.


Âíîâü ïîëîæèì � EMBED Equation.2  ���. Òîãäà: � EMBED Equation.2  ���, îòêóäà � EMBED Equation.2  ���. Ïîñëå âòîðîãî äèôôåðåíöèðîâàíèÿ:


� EMBED Equation.2  ���, îòêóäà: � EMBED Equation.2  ���.


Ïîñëå n-êðàòíîãî äèôôåðåíöèðîâàíèÿ:


� EMBED Equation.2  ���, îòêóäà: � EMBED Equation.2  ���.


Ðàçëîæåíèå (a) ïðèíèìàåò âèä


� EMBED Equation.2  ���.


Ïîëó÷åííûé ðÿä íàçûâàåòñÿ ðÿäîì Òåéëîðà ôóíêöèè � EMBED Equation.2  ��� â îêðåñòíîñòè òî÷êè x0. Êîýôôèöèåíòû ðÿäà íàçûâàþò êîýôôèöèåíòàìè Òåéëîðà.


Ðÿä Òåéëîðà ìîæíî çàïèñàòü â âèäå


� EMBED Equation.2  ���.


Ýòî ñîîòíîøåíèå íàçûâàåòñÿ ôîðìóëîé Òåéëîðà n-ãî ïîðÿäêà. Âûðàæåíèå � EMBED Equation.2  ��� íàçûâàåòñÿ îñòàòî÷íûì ÷ëåíîì ôîðìóëû Òåéëîðà. Âåëè÷èíà îñòàòî÷íîãî ÷ëåíà îïðåäåëÿåò îøèáêó, âîçíèêàþùóþ ïðè çàìåíå ôóíêöèè � EMBED Equation.2  ��� ÷àñòè÷íîé ñóììîé � EMBED Equation.2  ��� ðÿäà Òåéëîðà.


Åñëè ôóíêöèÿ � EMBED Equation.2  ��� íà èíòåðâàëå, ñîäåðæàùåì òî÷êó x0, èìååò ïðîèçâîäíóþ ïîðÿäêà � EMBED Equation.2  ���, òî îñòàòî÷íûé ÷ëåí äëÿ ëþáîé òî÷êè èíòåðâàëà ìîæåò áûòü çàïèñàí â ôîðìå Ëàãðàíæà:


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


Ïîäîáíàÿ çàïèñü îñòàòî÷íîãî ÷ëåíà íå ïîçâîëÿåò âû÷èñëèòü åãî çíà÷åíèå, òàê êàê íåèçâåñòíà òî÷êà x, â êîòîðîé âû÷èñëÿåòñÿ çíà÷åíèå ïðîèçâîäíîé. Îäíàêî ìîæíî ïîêàçàòü, ÷òî â èíòåðâàëå, â êîòîðîì ñïðàâåäëèâà ôîðìóëà Òåéëîðà, îñòàòî÷íûé ÷ëåí óäîâëåòâîðÿåò íåðàâåíñòâó:


� EMBED Equation.2  ���,


ãäå � EMBED Equation.2  ��� – ìàêñèìàëüíîå çíà÷åíèå ìîäóëÿ � EMBED Equation.2  ��� - é ïðîèçâîäíîé ôóíêöèè � EMBED Equation.2  ��� íà óêàçàííîì èíòåðâàëå.


Åñëè èíòåðåñ ïðåäñòàâëÿåò íå âåëè÷èíà îøèáêè, à ëèøü åå ïîðÿäîê ìàëîñòè, òî áîëåå óäîáíîé îêàçûâàåòñÿ èíàÿ çàïèñü îñòàòî÷íîãî ÷ëåíà. Ïóñòü ôóíêöèÿ � EMBED Equation.2  ��� èìååò ïðîèçâîäíûå äî � EMBED Equation.2  ��� - ãî ïîðÿäêà â îêðåñòíîñòè òî÷êè x0 è n-þ ïðîèçâîäíóþ â òî÷êå x0. Òîãäà îñòàòî÷íûé ÷ëåí ïðè � EMBED Equation.2  ��� ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé áîëåå âûñîêîãî ïîðÿäêà, íåæåëè � EMBED Equation.2  ���:


� EMBED Equation.2  ���;


ïîäîáíàÿ çàïèñü íàçûâàåòñÿ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ïåàíî.


Ðàçëîæåíèÿ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé


Åñëè â íåêîòîðîì èíòåðâàëå, ñîäåðæàùåì òî÷êó x0, ìîäóëè âñåõ ïðîèçâîäíûõ ôóíêöèè � EMBED Equation.2  ��� îãðàíè÷åíû îäíèì è òåì æå ÷èñëîì, òî ôóíêöèÿ íà ýòîì èíòåðâàëå ðàçëàãàåòñÿ â ðÿä Òåéëîðà.


Ðàçëîæåíèå ôóíêöèè â ðÿä ïî ñòåïåíÿì � EMBED Equation.2  ��� ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì. Âû÷èñëÿåòñÿ çíà÷åíèå ôóíêöèè è åå ïðîèçâîäíûõ â òî÷êå x0 è çàïèñûâàåòñÿ ôîðìóëà Òåéëîðà. Ïîñëå ýòîãî óñòàíàâëèâàåòñÿ èíòåðâàë, íà êîòîðîì ñîñòàâëåííûé ðÿä ñõîäèòñÿ ê ôóíêöèè � EMBED Equation.2  ���, è çàïèñûâàåòñÿ ðÿä Òåéëîðà.


Ðàçëîæèì â ðÿä ïî ñòåïåíÿì x ôóíêöèþ ex. Âñå åå ïðîèçâîäíûå ðàâíû ex è â òî÷êå � EMBED Equation.2  ��� îáðàùàþòñÿ â åäèíèöó. Ñëåäîâàòåëüíî:


� EMBED Equation.2  ���.


Íà èíòåðâàëå � EMBED Equation.2  ���, ãäå R – ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî, âñå ïðîèçâîäíûå îãðàíè÷åíû îäíèì è òåì æå ÷èñëîì eR. Ñëåäîâàòåëüíî, ðÿä Òåéëîðà ñõîäèòñÿ ê ôóíêöèè ex íà âñåé îñè Ox:


� EMBED Equation.2  ���, 	� EMBED Equation.2  ���.


Ðàçëîæåíèÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé èìåþò âèä


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


Ðàçëîæåíèÿ ãèïåðáîëè÷åñêèõ ôóíêöèé:


� EMBED Equation.2  ���, � EMBED Equation.2  ���,


� EMBED Equation.2  ���, � EMBED Equation.2  ���.





Ñðàâíèâàÿ ðàçëîæåíèÿ òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷åñêèõ ôóíêöèé, ìîæíî ïîëó÷èòü ôîðìóëû Ýéëåðà:


� EMBED Equation.2  ���,


èëè


� EMBED Equation.2  ���.


Áèíîìèàëüíûì íàçûâàåòñÿ ðàçëîæåíèå


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


Åñëè � EMBED Equation.2  ���, òî ðàçëîæåíèå ñîäåðæèò ðîâíî � EMBED Equation.2  ��� ñëàãàåìîå è ïðåäñòàâëÿåò ñîáîé ôîðìóëó áèíîìà Íüþòîíà. Êîýôôèöèåíòû ðÿäà


� EMBED Equation.2  ��� (÷èòàåòñÿ «C èç m ïî n»)


íàçûâàþòñÿ áèíîìèàëüíûìè êîýôôèöèåíòàìè.


Ðàçëîæåíèÿ ëîãàðèôìè÷åñêîé è îòáðàòíûõ òðèãîíîìåòðè÷åñêèõ ôóíêöèé:


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


� EMBED Equation.2  ���, � EMBED Equation.2  ���.


� EMBED Equation.2  ���, � EMBED Equation.2  ���.
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