Äèôôåðåíöèàëüíîå èñ÷èñëåíèå ôóíêöèé íåñêîëüêèõ�ïåðåìåííûõ


Ïîíÿòèå ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Îáëàñòü îïðåäåëåíèÿ


Ïóñòü äàíî ìíîæåñòâî X óïîðÿäî÷åííûõ íàáîðîâ �EMBED Equation.2��� èç n ÷èñåë


�EMBED Equation.2���


è ÷èñëîâîå ìíîæåñòâî Y. Ôóíêöèåé n ïåðåìåííûõ íàçûâàþò ïðàâèëî f, ñîïîñòàâëÿþùåå êàæäîìó óïîðÿäî÷åííîìó íàáîðó �EMBED Equation.2��� çíà÷åíèÿ �EMBED Equation.2���:


�EMBED Equation.2���.


Ïðè ýòîì ìíîæåñòâî X íàçûâàþò îáëàñòüþ îïðåäåëåíèÿ, à êàæäûé åãî ýëåìåíò x – àðãóìåíòîì ôóíêöèè. Ìíîæåñòâî Y íàçûâàþò îáëàñòüþ çíà÷åíèé, à êàæäûé åãî ýëåìåíò – çíà÷åíèåì ôóíêöèè f.


Çàìå÷àíèå 7.1.1. Ïîíÿòèÿ òî÷êè è åå ðàäèóñ-âåêòîðà â äàëüíåéøåì îòîæäåñòâëÿþòñÿ; äëÿ îáîçíà÷åíèÿ òî÷åê èñïîëüçóåòñÿ âåêòîðíàÿ ñèìâîëèêà.


Çàìå÷àíèå 7.1.2. Ëþáàÿ ôóíêöèÿ âåêòîðíîãî àðãóìåíòà åñòü ôóíêöèÿ n ñêàëÿðíûõ ïåðåìåííûõ (ãäå n – ðàçìåðíîñòü âåêòîðíîãî ïðîñòðàíñòâà). Îäíàêî íå êàæäóþ ôóíêöèþ n ïåðåìåííûõ ìîæíî íàçâàòü ôóíêöèåé âåêòîðíîãî àðãóìåíòà (íå âñÿêèé óïîðÿäî÷åííûé íàáîð ÷èñåë åñòü âåêòîð).


Çàìå÷àíèå 7.1.3. Ïîíèìàÿ ôóíêöèþ n ïåðåìåííûõ êàê ôóíêöèþ âåêòîðíîãî àðãóìåíòà, åå åäèíñòâåííûì àðãóìåíòîì ìîæíî íàçâàòü ñàì íàáîð �EMBED Equation.2���. Â òî æå âðåìÿ, àðãóìåíòàìè ôóíêöèè ìîæíî íàçâàòü ýëåìåíòû ýòîãî óïîðÿäî÷åííîãî íàáîðà.


Çàìå÷àíèå 7.1.4. Åñëè àðãóìåíòû ôóíêöèè ïîíèìàþòñÿ êàê êîîðäèíàòû òî÷êè (èëè âåêòîðà), òî íàðÿäó ñ òåðìèíîì «ôóíêöèÿ ìíîãèõ ïåðåìåííûõ» ÷àñòî èñïîëüçóþò ðàâíîñèëüíûé ïî ñîäåðæàíèþ òåðìèí «ñêàëÿðíîå ïîëå».


Åñëè ôóíêöèÿ f êàæäîìó íàáîðó �EMBED Equation.2��� ñîïîñòàâëÿåò åäèíñòâåííîå çíà÷åíèå �EMBED Equation.2���, òî ôóíêöèþ íàçûâàþò îäíîçíà÷íîé. Îäíîçíà÷íàÿ ôóíêöèÿ ìîæåò áûòü çàïèñàíà â âèäå


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – àíàëèòè÷åñêîå âûðàæåíèå îò n ïåðåìåííûõ.


Â ÷àñòíîñòè, ðàññòîÿíèå îò íà÷àëà êîîðäèíàò òî òî÷êè �EMBED Equation.2��� åâêëèäîâîé ïëîñêîñòè åñòü ôóíêöèÿ äâóõ ñêàëÿðíûõ ïåðåìåííûõ:


�EMBED Equation.2���;


ñêàëÿðíîå ïðîèçâåäåíèå äâóõ âåêòîðîâ �EMBED Equation.2��� è �EMBED Equation.2��� åâêëèäîâà ïðîñòðàíñòâà åñòü ôóíêöèÿ øåñòè ïåðåìåííûõ


�EMBED Equation.2���;


îïðåäåëèòåëü òðåòüåãî ïîðÿäêà åñòü ôóíêöèÿ äåâÿòè ïåðåìåííûõ, è ò.ä.


Åñòåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè íàçûâàåòñÿ ìíîæåñòâî òåõ çíà÷åíèé àðãóìåíòà, ïðè êîòîðûõ àíàëèòè÷åñêîå âûðàæåíèå �EMBED Equation.2��� èìååò ñìûñë.


Íàïðèìåð, åñòåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè


�EMBED Equation.2���


ÿâëÿåòñÿ êðóã åäèíè÷íîãî ðàäèóñà – îáëàñòü, îïðåäåëÿåìàÿ íåðàâåíñòâîì


�EMBED Equation.2���;


åñòåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè


�EMBED Equation.2���


ÿâëÿåòñÿ îòêðûòûé êðóã åäèíè÷íîãî ðàäèóñà:


�EMBED Equation.2���;


åñòåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè


�EMBED Equation.2���


ÿâëÿåòñÿ âñÿ ïëîñêîñòü çà èñêëþ÷åíèåì òî÷åê åäèíè÷íîé îêðóæíîñòè.


Ïóñòü íà ìíîæåñòâå óïîðÿäî÷åííûõ íàáîðîâ


�EMBED Equation.2���


îïðåäåëåíû ôóíêöèè �EMBED Equation.2���, �EMBED Equation.2���. Òîãäà ôóíêöèþ


�EMBED Equation.2���


íàçûâàþò ñóïåðïîçèöèåé ôóíêöèé f è g, èëè ñëîæíîé ôóíêöèåé.


Ãðàôèêîì ôóíêöèè �EMBED Equation.2��� n ïåðåìåííûõ íàçûâàåòñÿ ãåîìåòðè÷åñêîå ìåñòî òî÷åê �EMBED Equation.2��� - ìåðíîãî ïðîñòðàíñòâà, êîîðäèíàòû êîòîðûõ


�EMBED Equation.2���.


Íàïðèìåð, ãðàôèêîì ôóíêöèè �EMBED Equation.2��� ÿâëÿåòñÿ ïàðàáîëîèä âðàùåíèÿ – ãåîìåòðè÷åñêîå ìåñòî òî÷åê ñ êîîðäèíàòàìè �EMBED Equation.2���.


Ïðåäåë ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. Íåïðåðûâíîñòü


e - îêðåñòíîñòüþ òî÷êè �EMBED Equation.2��� n - ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà íàçûâàþò îòêðûòûé øàð ðàäèóñà e – îáëàñòü, îïðåäåëÿåìóþ óðàâíåíèåì


�EMBED Equation.2���,


ãäå �EMBED Equation.2��� – ðàññòîÿíèå ìåæäó òî÷êîé x è òî÷êîé a.


Çàìå÷àíèå 7.2.1. ×àñòî e - îêðåñòíîñòüþ íàçûâàþò îòêðûòûé ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä – îáëàñòü, îïðåäåëÿåìóþ ñèñòåìîé íåðàâåíñòâ


�EMBED Equation.2���, �EMBED Equation.2���.


×èñëî A íàçûâàåòñÿ ïðåäåëîì ôóíêöèè �EMBED Equation.2��� ïðè �EMBED Equation.2���:


�EMBED Equation.2���,


åñëè


�EMBED Equation.2���.


Ñìûñë ýòîãî îïðåäåëåíèÿ ñîñòîèò â òîì, ÷òî âñåãäà ìîæíî îòûñêàòü îêðåñòíîñòü òî÷êè a, òàêóþ, ÷òî äëÿ âñåõ çíà÷åíèé àðãóìåíòà x èç ýòîé îêðåñòíîñòè çíà÷åíèÿ ôóíêöèè áóäóò îòëè÷àòüñÿ îò A ñêîëü óãîäíî ìàëî.


Çàìå÷àíèå 7.2.2. Âû÷èñëåíèå ïðåäåëîâ ôóíêöèé ìíîãèõ ïåðåìåííûõ (êðàòíûõ ïðåäåëîâ) ÿâëÿåòñÿ ñóùåñòâåííî áîëåå ñëîæíîé çàäà÷åé, íåæåëè âû÷èñëåíèå îáû÷íûõ ïðåäåëîâ.


Ôóíêöèÿ �EMBED Equation.2��� íàçûâàåòñÿ íåïðåðûâíîé â òî÷êå a, åñëè ïðåäåë ôóíêöèè â ýòîé òî÷êå ñóùåñòâóåò è ñîâïàäàåò ñî çíà÷åíèåì ôóíêöèè:


�EMBED Equation.2���.


Çàìå÷àíèå 7.2.3. Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî òî÷êà a äîëæíà ïðèíàäëåæàòü îáëàñòè îïðåäåëåíèÿ ôóíêöèè.


Ôóíêöèþ íàçûâàþò íåïðåðûâíîé â îáëàñòè, åñëè îíà íåïðåðûâíà â êàæäîé òî÷êå îáëàñòè.


Åñëè óñëîâèå íåïðåðûâíîñòè íàðóøåíî, òî ãîâîðÿò, ÷òî â òî÷êå a ôóíêöèÿ �EMBED Equation.2��� òåðïèò ðàçðûâ. Â ñëó÷àå ôóíêöèè îäíîé ïåðåìåííîé ìîãóò ñóùåñòâîâàòü òî÷êè ðàçðûâà òðåõ âèäîâ (óñòðàíèìûé ðàçðûâ, ðàçðûâ ïåðâîãî è âòîðîãî ðîäà). Äëÿ ôóíêöèè äâóõ ïåðåìåííûõ íàðÿäó ñ òî÷êàìè óñòðàíèìîãî è íåóñòðàíèìîãî ðàçðûâîâ ìîãóò ñóùåñòâîâàòü ëèíèè óñòðàíèìîãî è íåóñòðàíèìîãî ðàçðûâîâ; äëÿ ôóíêöèè òðåõ ïåðåìåííûõ – ïîâåðõíîñòè ðàçðûâà è ò.ä.


Íàïðèìåð, ìîæíî äîêàçàòü, ÷òî ïðåäåë ôóíêöèè


�EMBED Equation.2���


ïðè �EMBED Equation.2��� ñóùåñòâóåò è ðàâåí åäèíèöå, îäíàêî íà÷àëî êîîðäèíàò íå ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ ýòîé ôóíêöèè. Â ïîäîáíûõ ñëó÷àÿõ ãîâîðÿò, ÷òî òî÷êà ÿâëÿåòñÿ óñòðàíèìîé òî÷êîé ðàçðûâà.


Ôóíêöèÿ


�EMBED Equation.2���


îïðåäåëåíà â êàæäîé òî÷êå ïëîñêîñòè çà èñêëþ÷åíèåì òî÷åê ïðÿìîé �EMBED Equation.2���; â ñâîþ î÷åðåäü, â êàæäîé òî÷êå ýòîé ïðÿìîé ïðåäåë


�EMBED Equation.2���


ñóùåñòâóåò è ðàâåí �EMBED Equation.2���; äîîïðåäåëèâ ôóíêöèþ íà ïðÿìîé �EMBED Equation.2��� ýòèì çíà÷åíèåì, ñäåëàåì ôóíêöèþ íåïðåðûâíîé. Â äàííîì ñëó÷àå ïðÿìàÿ �EMBED Equation.2��� ÿâëÿåòñÿ ïðÿìîé óñòðàíèìîãî ðàçðûâà.


Ôóíêöèÿ


�EMBED Equation.2���


íå èìååò ïðåäåëà ïðè �EMBED Equation.2���; íà÷àëî êîîðäèíàò äëÿ ýòîé ôóíêöèè ÿâëÿåòñÿ òî÷êîé íåóñòðàíèìîãî ðàçðûâà.


Â êàæäîé òî÷êå ïðÿìîé �EMBED Equation.2��� ïðåäåë ôóíêöèè


�EMBED Equation.2���


ðàâåí áåñêîíå÷íîñòè; ïðÿìàÿ �EMBED Equation.2��� ÿâëÿåòñÿ ïðÿìîé íåóñòðàíèìîãî ðàçðûâà.


�


Ðèñ. 7.1. Ãðàôèê ôóíêöèè �EMBED Equation.2����
�


Ðèñ. 7.2. Ãðàôèê ôóíêöèè �EMBED Equation.2����
�
�


Ðèñ. 7.3. Ãðàôèê ôóíêöèè �EMBED Equation.2����
�


Ðèñ. 7.4. Ãðàôèê ôóíêöèè �EMBED Equation.2����
�



×àñòíûå ïðîèçâîäíûå


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� îïðåäåëåíà â îáëàñòè, ñîäåðæàùåé òî÷êó x. Âûáåðåì íåêîòîðûå ÷èñëà �EMBED Equation.2���, �EMBED Equation.2��� – ïðèðàùåíèÿ ïåðåìåííûõ – òàê, ÷òîáû òî÷êà


�EMBED Equation.2���


òàêæå ïðèíàäëåæàëà óêàçàííîé îáëàñòè. Ïîëíûì ïðèðàùåíèåì ôóíêöèè �EMBED Equation.2��� íàçûâàåòñÿ ðàçíîñòü


�EMBED Equation.2���.


Åñëè ñðåäè âñåõ ÷èñåë �EMBED Equation.2��� ëèøü îäíî �EMBED Equation.2��� îòëè÷íî îò íóëÿ, òî ïðèðàùåíèå


�EMBED Equation.2���


íàçûâàþò ÷àñòíûì ïðèðàùåíèåì, èëè ïðèðàùåíèåì ïî ïåðåìåííîé �EMBED Equation.2���.


Çàìå÷àíèå 7.3.1. Â îáùåì ñëó÷àå ïîëíîå ïðèðàùåíèå íå ðàâíî ñóììå ÷àñòíûõ.


Åñëè ñóùåñòâóåò ïðåäåë îòíîøåíèÿ ÷àñòíîãî ïðèðàùåíèÿ �EMBED Equation.2��� ê ñîîòâåòñòâóþùåìó ïðèðàùåíèþ àðãóìåíòà �EMBED Equation.2��� ïðè �EMBED Equation.2���, òî ýòîò ïðåäåë íàçûâàåòñÿ ÷àñòíîé ïðîèçâîäíîé ôóíêöèè �EMBED Equation.2��� â òî÷êå x ïî ïåðåìåííîé �EMBED Equation.2���:


�EMBED Equation.2���.


Îïåðàöèþ íàõîæäåíèÿ ÷àñòíîé ïðîèçâîäíîé íàçûâàþò äèôôåðåíöèðîâàíèåì ïî ïåðåìåííîé �EMBED Equation.2���.


×àñòíàÿ ïðîèçâîäíàÿ ôóíêöèè �EMBED Equation.2��� ïî ïåðåìåííîé �EMBED Equation.2��� ïðåäñòàâëÿåò ñîáîé «îáû÷íóþ» ïðîèçâîäíóþ ôóíêöèè îäíîé ïåðåìåííîé ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îñòàëüíûõ ïåðåìåííûõ. Ïîýòîìó âû÷èñëåíèå ÷àñòíûõ ïðîèçâîäíûõ ïðîèçâîäèòñÿ ïî îáû÷íûì ïðàâèëàì âû÷èñëåíèÿ ïðîèçâîäíûõ ôóíêöèé îäíîé ïåðåìåííîé.


Íàïðèìåð,


�EMBED Equation.2���; �EMBED Equation.2���, è ò.ä.


Ïîëíûé äèôôåðåíöèàë


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� îïðåäåëåíà â îáëàñòè, ñîäåðæàùåé òî÷êó x. Ïóñòü ïðèðàùåíèÿ àðãóìåíòîâ �EMBED Equation.2��� âûáðàíû òàê, ÷òî òî÷êà �EMBED Equation.2��� òàêæå ïðèíàäëåæèò óêàçàííîé îáëàñòè.


Ôóíêöèÿ �EMBED Equation.2��� íàçûâàåòñÿ äèôôåðåíöèðóåìîé â òî÷êå x, åñëè â ýòîé òî÷êå åå ïîëíîå ïðèðàùåíèå ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëîé ïðè �EMBED Equation.2��� ìîæíî ïðåäñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè ïðèðàùåíèé àðãóìåíòà:


�EMBED Equation.2���,


ãäå �EMBED Equation.2���; Ak – ÷èñëà, íå çàâèñÿùèå îò �EMBED Equation.2���, �EMBED Equation.2��� – áåñêîíå÷íî ìàëàÿ âûñøåãî ïîðÿäêà îòíîñèòåëüíî �EMBED Equation.2���:


�EMBED Equation.2���.


Òåîðåìà 8.4.1. Åñëè ôóíêöèÿ�EMBED Equation.2��� äèôôåðåíöèðóåìà â òî÷êå x, òî â ýòîé òî÷êå îíà íåïðåðûâíà.


Òåîðåìà 8.4.2. Åñëè ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â òî÷êå x, òî â ýòîé òî÷êå ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå ïî âñåì àðãóìåíòàì, è ïðè ýòîì


�EMBED Equation.2���.


Òåîðåìà 8.4.3. Åñëè â íåêîòîðîé îêðåñòíîñòè òî÷êè x ôóíêöèÿ �EMBED Equation.2��� èìååò ÷àñòíûå ïðîèçâîäíûå ïî âñåì àðãóìåíòàì, ïðè÷åì ÷àñòíûå ïðîèçâîäíûå íåïðåðûâíû â ñàìîé òî÷êå x, òî â ýòîé òî÷êå ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà.


Ïîëíûì äèôôåðåíöèàëîì �EMBED Equation.2��� äèôôåðåíöèðóåìîé ôóíêöèè íàçûâàåòñÿ ãëàâíàÿ ÷àñòü ïîëíîãî ïðèðàùåíèÿ, ëèíåéíàÿ îòíîñèòåëüíî ïðèðàùåíèé íåçàâèñèìûõ ïåðåìåííûõ:


�EMBED Equation.2���.


Äèôôåðåíöèàëîì �EMBED Equation.2��� íåçàâèñèìîé ïåðåìåííîé xk ìîæíî íàçâàòü ëþáîå íå çàâèñÿùåå îò x ÷èñëî. Âûáðàâ �EMBED Equation.2��� ðàâíûì ïðèðàùåíèþ íåçàâèñèìîé ïåðåìåííîé, çàïèøåì ïîëíûé äèôôåðåíöèàë â âèäå


�EMBED Equation.2���.


Íàïðèìåð,


�EMBED Equation.2���,�EMBED Equation.2���;


�EMBED Equation.2���, �EMBED Equation.2���, è ò.ä.


Ôóíêöèÿ n ïåðåìåííûõ âèäà


�EMBED Equation.2���,


ãäå ak – íå çàâèñÿùèå îò xk êîýôôèöèåíòû, íàçûâàåòñÿ ëèíåéíîé ôîðìîé îò ïåðåìåííûõ x1, x2, ..., xn. Òàêèì îáðàçîì, ïåðâûé äèôôåðåíöèàë äèôôåðåíöèðóåìîé â òî÷êå x ôóíêöèè ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ ôîðìó îò ïåðåìåííûõ dx1, dx2, ..., dxn, êîýôôèöèåíòû êîòîðîé ðàâíû ñîîòâåòñòâóþùèì ÷àñòíûì ïðîèçâîäíûì, âû÷èñëåííûì â òî÷êå x.


Ïðèìåíåíèÿ ïîëíîãî äèôôåðåíöèàëà


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â òî÷êå x. Òîãäà â ýòîé òî÷êå åå ïîëíîå ïðèðàùåíèå


�EMBED Equation.2���,


ïîýòîìó ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëîé âûñøåãî ïîðÿäêà îòíîñèòåëüíî�EMBED Equation.2��� ïîëíîå ïðèðàùåíèå ðàâíî ïîëíîìó äèôôåðåíöèàëó:


�EMBED Equation.2���.


Âî ìíîãèõ ñëó÷àÿõ íàõîæäåíèå ïîëíîãî äèôôåðåíöèàëà îêàçûâàåòñÿ ïðîùå íàõîæäåíèÿ ïîëíîãî ïðèðàùåíèÿ.


Íàïðèìåð, ïóñòü òðåáóåòñÿ âû÷èñëèòü ïðèáëèæåííî �EMBED Equation.2���. Ïîëàãàÿ �EMBED Equation.2���, �EMBED Equation.2��� è çàìåíÿÿ ïîëíîå ïðèðàùåíèå ôóíêöèè �EMBED Equation.2��� åå ïîëíûì äèôôåðåíöèàëîì


�EMBED Equation.2���,


ïîëó÷èì


�EMBED Equation.2���.


Çàìåíà ïîëíîãî ïðèðàùåíèÿ ïîëíûì äèôôåðåíöèàëîì îêàçûâàåòñÿ ïîëåçíîé ïðè îöåíêå ïîãðåøíîñòè ðåçóëüòàòîâ êîñâåííûõ èçìåðåíèé. Èìåííî, ïóñòü àðãóìåíòû ôóíêöèè �EMBED Equation.2��� îïðåäåëåíû ñ àáñîëþòíûìè ïîãðåøíîñòÿìè �EMBED Equation.2���. Òîãäà àáñîëþòíàÿ ïîãðåøíîñòü ðåçóëüòàòà ðàâíà ïîëíîìó ïðèðàùåíèþ


�EMBED Equation.2���.


Åñëè âñå ïîãðåøíîñòè �EMBED Equation.2��� äîñòàòî÷íî ìàëû, òî ìîæíî çàìåíèòü ïîëíîå ïðèðàùåíèå ïîëíûì äèôôåðåíöèàëîì, âçÿâ âñå ñëàãàåìûå ïî àáñîëþòíîé âåëè÷èíå:


�EMBED Equation.2���.


Çàìå÷àíèå 7.5.1. Çíàêè ìîäóëÿ â ïîñëåäíåì âûðàæåíèè ìîæíî ïîíèìàòü êàê ñëåäñòâèå òîãî, ÷òî òî÷íûå çíà÷åíèÿ àðãóìåíòîâ ôóíêöèè �EMBED Equation.2��� íåèçâåñòíû (èíà÷å, íåèçâåñòíû çíàêè ïðèðàùåíèé Dxk) è âîçìîæíîñòü «âçàèìîèñêëþ÷àþùåé îøèáêè» íåäîïóñòèìà.


Ïóñòü, íàïðèìåð, ñòîðîíû ïðÿìîóãîëüíèêà a, b èçìåðåíû ñ ïîãðåøíîñòÿìè �EMBED Equation.2���, �EMBED Equation.2��� è ðàâíû �EMBED Equation.2���, �EMBED Equation.2���. Òîãäà àáñîëþòíàÿ ïîãðåøíîñòü èçìåðåíèÿ ïëîùàäè �EMBED Equation.2��� ðàâíà


�EMBED Equation.2���;


îòíîñèòåëüíàÿ ïîãðåøíîñòü


�EMBED Equation.2���.


Çàìå÷àíèå 7.5.2. Â ðàññìîòðåííîì ïðèìåðå îòíîñèòåëüíûå ïîãðåøíîñòè èçìåðåíèÿ ñòîðîí ïðÿìîóãîëüíèêà �EMBED Equation.2���, �EMBED Equation.2���; îòíîñèòåëüíàÿ ïîãðåøíîñòü ïðîèçâåäåíèÿ îêàçàëàñü ðàâíîé ñóììå îòíîñèòåëüíûõ ïîãðåøíîñòåé ñîìíîæèòåëåé: �EMBED Equation.2���. Äåéñòâèòåëüíî,


�EMBED Equation.2���.


Àíàëîãè÷íî ìîæíî ïîëó÷èòü ñîîòíîøåíèÿ äëÿ îòíîñèòåëüíîé ïîãðåøíîñòè ñóììû, ðàçíîñòè è ÷àñòíîãî.


Ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè. Ïîëíàÿ ïðîèçâîäíàÿ


Ïóñòü ôóíêöèè �EMBED Equation.2���, �EMBED Equation.2��� äèôôåðåíöèðóåìû â òî÷êå t, à ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â òî÷êå �EMBED Equation.2���. Òîãäà ñëîæíàÿ ôóíêöèÿ


�EMBED Equation.2���


òàêæå äèôôåðåíöèðóåìà â òî÷êå t, ïðè÷åì åå ÷àñòíûå ïðîèçâîäíûå


�EMBED Equation.2���, �EMBED Equation.2���,


ãäå m – ÷èñëî àðãóìåíòîâ êàæäîé èç ôóíêöèé �EMBED Equation.2���.


Íàïðèìåð,


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���.


Â ÷àñòíîñòè, åñëè âñå ôóíêöèè xk ÿâëÿþòñÿ ôóíêöèÿìè îäíîé ïåðåìåííîé xs, òî ïðîèçâîäíàÿ ôóíêöèè �EMBED Equation.2��� åñòü ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè, çàâèñÿùåé îò îäíîé ïåðåìåííîé xs. Ýòà ïðîèçâîäíàÿ 


�EMBED Equation.2���,


íàçûâàåòñÿ ïîëíîé ïðîèçâîäíîé.


Íàïðèìåð,


�EMBED Equation.2���, �EMBED Equation.2���;


�EMBED Equation.2���.


Èç èçëîæåííîãî ñëåäóåò, ÷òî ïðåäñòàâëåíèå ïåðâîãî äèôôåðåíöèàëà â âèäå


�EMBED Equation.2���


ñîõðàíÿåò ñïðàâåäëèâîñòü è â òîì ñëó÷àå, åñëè xk íå ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè, à ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèðóåìûå ôóíêöèè àðãóìåíòà t. Óêàçàííîå ñâîéñòâî – ñâîéñòâî èíâàðèàíòíîñòè ôîðìû ïåðâîãî äèôôåðåíöèàëà – ïîçâîëÿåò óñòàíîâèòü ñëåäóþùèå ïðàâèëà äèôôåðåíöèðîâàíèÿ


�EMBED Equation.2���, �EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���.


Äåéñòâèòåëüíî, ïóñòü, íàïðèìåð �EMBED Equation.2���. Òîãäà


�EMBED Equation.2���.


Àíàëîãè÷íî ïîêàçûâàåòñÿ ñïðàâåäëèâîñòü îñòàëüíûõ ñîîòíîøåíèé.


Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ


Ïóñòü ÷àñòíàÿ ïðîèçâîäíàÿ �EMBED Equation.2��� ôóíêöèè �EMBED Equation.2��� îïðåäåëåíà â íåêîòîðîé îáëàñòè. Òîãäà â êàæäîé òî÷êå ýòîé îáëàñòè îíà ÿâëÿåòñÿ ôóíêöèåé îò ïåðåìåííûõ x1, x2,... xn, è åå ìîæíî ïðîäèôôåðåíöèðîâàòü âíîâü ïî êàæäîé èç ýòèõ ïåðåìåííûõ. Ïîëó÷åííûå ïðîèçâîäíûå íàçûâàþò ïðîèçâîäíûìè âòîðîãî ïîðÿäêà:


�EMBED Equation.2���, �EMBED Equation.2���.


Åñëè ïðè ýòîì �EMBED Equation.2���, òî ïðîèçâîäíàÿ íàçûâàåòñÿ ñìåøàííîé ÷àñòíîé ïðîèçâîäíîé.


Âîîáùå, ïðîèçâîäíîé n-ãî ïîðÿäêà ôóíêöèè �EMBED Equation.2��� íàçûâàþò ÷àñòíóþ ïðîèçâîäíóþ îò ïðîèçâîäíîé �EMBED Equation.2���-ãî ïîðÿäêà:


�EMBED Equation.2���.


Åñëè ïðè ýòîì ñðåäè ÷èñåë s, k1, k2, ..., kn-1 åñòü ðàçëè÷íûå, òî ïðîèçâîäíàÿ íàçûâàåòñÿ ñìåøàííîé ÷àñòíîé ïðîèçâîäíîé.


Íàïðèìåð, âòîðûå ïðîèçâîäíûå ôóíêöèè �EMBED Equation.2��� ðàâíû


�EMBED Equation.2���; �EMBED Equation.2���;


�EMBED Equation.2���; �EMBED Equation.2���.


Â ðàññìîòðåííîì ïðèìåðå ñìåøàííûå ÷àñòíûå ïðîèçâîäíûå �EMBED Equation.2��� è �EMBED Equation.2��� îêàçàëèñü ðàâíûìè. Ìîæíî äîêàçàòü, ÷òî äîñòàòî÷íûì óñëîâèåì íåçàâèñèìîñòè ÷àñòíûõ ïðîèçâîäíûõ îò ïîðÿäêà äèôôåðåíöèðîâàíèÿ ÿâëÿåòñÿ èõ íåïðåðûâíîñòü.


Äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ


Åñëè ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â íåêîòîðîé îáëàñòè, òî â êàæäîé òî÷êå ýòîé îáëàñòè åå ïåðâûé äèôôåðåíöèàë ÿâëÿåòñÿ ôóíêöèåé îò ïåðåìåííûõ x1, x2, ..., xn. Ïîëíûé äèôôåðåíöèàë ýòîé ôóíêöèè íàçûâàþò âòîðûì äèôôåðåíöèàëîì:


�EMBED Equation.2���.


Âîîáùå, äèôôåðåíöèàëîì n - ãî ïîðÿäêà íàçûâàþò ïîëíûé äèôôåðåíöèàë îò äèôôåðåíöèàëà �EMBED Equation.2��� - ãî ïîðÿäêà:


�EMBED Equation.2���.


Ïóñòü àðãóìåíòû ôóíêöèè �EMBED Equation.2��� ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè. Òîãäà äèôôåðåíöèàëû �EMBED Equation.2���, �EMBED Equation.2���  íå çàâèñÿò íè îò îäíîé èç ïåðåìåííûõ xs, �EMBED Equation.2���. Â ýòîì ñëó÷àå âòîðîé äèôôåðåíöèàë ôóíêöèè ðàâåí


�EMBED Equation.2���.


Ôóíêöèÿ n ïåðåìåííûõ âèäà


�EMBED Equation.2���,


ãäå aks – íå çàâèñÿùèå îò ti êîýôôèöèåíòû, íàçûâàåòñÿ êâàäðàòè÷íîé ôîðìîé îò ïåðåìåííûõ t1, t2, ..., tn. Ïðè ýòîì êâàäðàòíàÿ ìàòðèöà


�EMBED Equation.2���


íàçûâàåòñÿ ìàòðèöåé êâàäðàòè÷íîé ôîðìû. Êâàäðàòè÷íàÿ ôîðìà íàçûâàåòñÿ ñèììåòðè÷åñêîé, åñëè åå êîýôôèöèåíòû óäîâëåòâîðÿþò óñëîâèþ �EMBED Equation.2���.


Òàêèì îáðàçîì, åñëè àðãóìåíòû äâàæäû äèôôåðåíöèðóåìîé â òî÷êå x ôóíêöèè ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè, òî âòîðîé äèôôåðåíöèàë ýòîé ôóíêöèè ïðåäñòàâëÿåò ñîáîé ñèììåòðè÷åñêóþ êâàäðàòè÷íóþ ôîðìó îò ïåðåìåííûõ dx1, dx2, ..., dxn, êîýôôèöèåíòû êîòîðîé ðàâíû ñîîòâåòñòâóþùèì ÷àñòíûì ïðîèçâîäíûì, âû÷èñëåííûì â òî÷êå x. Ìàòðèöà ýòîé êâàäðàòè÷íîé ôîðìû


�EMBED Equation.2���


íàçûâàåòñÿ ìàòðèöåé Ãåññå ôóíêöèè �EMBED Equation.2���. Äðóãàÿ êâàäðàòè÷íàÿ ôîðìà ñ ýòîé æå ìàòðèöåé


�EMBED Equation.2���.


íàçûâàåòñÿ ãåññèàíîì ôóíêöèè �EMBED Equation.2��� (ãåññèàíîì íàçûâàþò òàêæå è îïðåäåëèòåëü ìàòðèöû Ãåññå).


Âûðàæåíèå äëÿ âòîðîãî äèôôåðåíöèàëà ìîæíî çàïèñàòü, èñïîëüçóÿ ôîðìàëüíûé ñèìâîë – îïåðàòîð äèôôåðåíöèàëà


�EMBED Equation.2���.


Ôîðìàëüíî âîçâîäÿ îïåðàòîð d â êâàäðàò, ïîëó÷èì


�EMBED Equation.2���,


ïîýòîìó âûðàæåíèå äëÿ âòîðîãî äèôôåðåíöèàëà ïðèîáðåòàåò âèä òîæäåñòâà:


�EMBED Equation.2���.


Àíàëîãè÷íî, äëÿ äèôôåðåíöèàëà n-ãî ïîðÿäêà


�EMBED Equation.2���.


Íàïðèìåð, ïóñòü òðåáóåòñÿ íàéòè òðåòèé äèôôåðåíöèàë ôóíêöèè �EMBED Equation.2���. Ñ ó÷åòîì íåçàâèñèìîñòè ñìåøàííûõ ïðîèçâîäíûõ îò ïîðÿäêà äèôôåðåíöèðîâàíèÿ èìååì


�EMBED Equation.2���;


âû÷èñëÿÿ ÷àñòíûå ïðîèçâîäíûå, ïîëó÷èì


�EMBED Equation.2���, �EMBED Equation.2���,


�EMBED Equation.2���, �EMBED Equation.2���.


Ñëåäîâàòåëüíî


�EMBED Equation.2���.


Çàìå÷àíèå 7.8.1. Ïðåäñòàâëåíèå äèôôåðåíöèàëîâ âûñøèõ ïîðÿäêîâ â óêàçàííîì âèäå ñïðàâåäëèâî òîëüêî â òîì ñëó÷àå, åñëè àðãóìåíòû ôóíêöèè ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè – äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ íå îáëàäàþò ñâîéñòâîì èíâàðèàíòíîñòè ôîðìû.


Ëîêàëüíûé ýêñòðåìóì


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� îïðåäåëåíà â îêðåñòíîñòè òî÷êè �EMBED Equation.2���.


Òî÷êà �EMBED Equation.2��� íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìàêñèìóìà ôóíêöèè �EMBED Equation.2���, åñëè íàéäåòñÿ îêðåñòíîñòü òî÷êè c, â ïðåäåëàõ êîòîðîé çíà÷åíèå �EMBED Equation.2��� ÿâëÿåòñÿ íàèáîëüøèì.


Òî÷êà �EMBED Equation.2��� íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà ôóíêöèè �EMBED Equation.2���, åñëè íàéäåòñÿ îêðåñòíîñòü òî÷êè c, â ïðåäåëàõ êîòîðîé çíà÷åíèå �EMBED Equation.2��� ÿâëÿåòñÿ íàèìåíüøèì.


Òî÷êà �EMBED Equation.2��� íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ýêñòðåìóìà, åñëè îíà ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà èëè ëîêàëüíîãî ìàêñèìóìà.


Òî÷êà �EMBED Equation.2��� íàçûâàåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèè �EMBED Equation.2���, åñëè â ýòîé òî÷êå âñå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà îáðàùàþòñÿ â íóëü:


�EMBED Equation.2���, �EMBED Equation.2���.


Òåîðåìà (íåîáõîäèìîå óñëîâèå ëîêàëüíîãî ýêñòðåìóìà). Åñëè äèôôåðåíöèðóåìàÿ â òî÷êå �EMBED Equation.2��� ôóíêöèÿ �EMBED Equation.2��� äîñòèãàåò â ýòîé òî÷êå ëîêàëüíîãî ýêñòðåìóìà, òî òî÷êà �EMBED Equation.2��� ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèè �EMBED Equation.2���.


Çàìå÷àíèå 7.9.1. Îòûñêàíèå ñòàöèîíàðíûõ òî÷åê â îáùåì ñëó÷àå ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé. Ïîýòîìó ïðîâåðêà íåîáõîäèìîãî óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà ìîæåò îêàçàòüñÿ ñëîæíîé çàäà÷åé äàæå äëÿ ñðàâíèòåëüíî ïðîñòûõ ïî ôîðìå àíàëèòè÷åñêèõ âûðàæåíèé ôóíêöèè �EMBED Equation.2���.


Ïóñòü äàíà êâàäðàòíàÿ ìàòðèöà n-ãî ïîðÿäêà


�EMBED Equation.2���.


Íàçîâåì ãëàâíûìè ìèíîðàìè ìàòðèöû �EMBED Equation.2��� ìèíîðû


�EMBED Equation.2���; �EMBED Equation.2���; ...; �EMBED Equation.2���.


Òåîðåìà (äîñòàòî÷íîå óñëîâèå ëîêàëüíîãî ýêñòðåìóìà). Ïóñòü ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â îêðåñòíîñòè òî÷êè x è äâàæäû äèôôåðåíöèðóåìà â ñàìîé òî÷êå x. Ïóñòü òàêæå òî÷êà x ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèè. Òîãäà ôóíêöèÿ �EMBED Equation.2��� èìååò â òî÷êå x ëîêàëüíûé ìèíèìóì, åñëè âñå ãëàâíûå ìèíîðû ìàòðèöû Ãåññå, âû÷èñëåííûå â òî÷êå x, ïîëîæèòåëüíû. Ôóíêöèÿ �EMBED Equation.2��� èìååò â òî÷êå ëîêàëüíûé ìàêñèìóì, åñëè çíàêè ãëàâíûõ ìèíîðîâ ìàòðèöû Ãåññå ÷åðåäóþòñÿ ïî ïðàâèëó


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���, ...


Ïðèìåð. Èññëåäîâàòü íà ëîêàëüíûé ýêñòðåìóì ôóíêöèþ �EMBED Equation.2���.


Íàéäåì ñòàöèîíàðíûå òî÷êè ôóíêöèè. Âû÷èñëÿÿ ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà è ïðèðàâíèâàÿ èõ ê íóëþ, ïîëó÷èì ñèñòåìó óðàâíåíèé


�EMBED Equation.2���, �EMBED Equation.2���;


åäèíñòâåííîé ñòàöèîíàðíîé òî÷êîé ÿâëÿåòñÿ íà÷àëî êîîðäèíàò �EMBED Equation.2���.


Íàéäåì ìàòðèöó Ãåññå


�EMBED Equation.2���.


Â äàííîì ïðèìåðå ìàòðèöà Ãåññå îêàçàëàñü íå çàâèñÿùåé îò ïåðåìåííûõ �EMBED Equation.2���. Ãëàâíûå ìèíîðû ìàòðèöû ðàâíû


�EMBED Equation.2���; �EMBED Equation.2���.


Âñå ãëàâíûå ìèíîðû ïîëîæèòåëüíû. Ñëåäîâàòåëüíî, â íà÷àëå êîîðäèíàò ôóíêöèÿ �EMBED Equation.2��� äîñòèãàåò ëîêàëüíîãî ìèíèìóìà.


Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Ïîäáîð ïàðàìåòðîâ ëèíåéíîé ìîäåëè


Ïðè îáðàáîòêå ýìïèðè÷åñêèõ äàííûõ ÷àñòî âîçíèêàåò íåîáõîäèìîñòü âîññòàíîâëåíèÿ àíàëèòè÷åñêîé çàâèñèìîñòè, êîòîðàÿ ÿâëÿëàñü áû â íåêîòîðîì ñìûñëå íàèëó÷øèì îïèñàíèåì èññëåäóåìîé ñèñòåìû.


Ïóñòü çíà÷åíèÿ n íåçàâèñèìûõ ïåðåìåííûõ


�EMBED Equation.2���, �EMBED Equation.2���, ..., �EMBED Equation.2���


– âàðüèðóåìûõ ôàêòîðîâ – â ïðîöåññå èññëåäîâàíèÿ äîïóñêàþò ïðîèçâîëüíîå èçìåíåíèå. Ïóñòü âûïîëíÿåòñÿ N ýêñïåðèìåíòîâ è ïðè êàæäîì íàáîðå �EMBED Equation.2���, �EMBED Equation.2��� íåçàâèñèìûõ ïåðåìåííûõ èçìåðÿåòñÿ çíà÷åíèå îòêëèêà ñèñòåìû yu.


Çàäà÷à ñîñòîèò â îòûñêàíèè àíàëèòè÷åñêîé çàâèñèìîñòè


�EMBED Equation.2���


– ýêñïåðèìåíòàëüíî-ñòàòèñòè÷åñêîé ìîäåëè – òàêîé, ÷òîáû åå çíà÷åíèÿ â òî÷êàõ �EMBED Equation.2��� áûëè ïî âîçìîæíîñòè «áëèçêè» ê ýêñïåðèìåíòàëüíûì çíà÷åíèÿì yu.


Óêàçàííàÿ çàäà÷à ìîæåò áûòü ðåøåíà ðàçëè÷íûìè ñïîñîáàìè. Êàê ïðàâèëî, çàðàíåå âûáèðàåòñÿ îáùèé âèä ìîäåëè �EMBED Equation.2���, êîòîðàÿ ñîäåðæèò íåñêîëüêî íåèçâåñòíûõ ïàðàìåòðîâ b1, b2, ..., bL. Ïðè ýòîì ëîãè÷åñêîé îñíîâîé ïîäáîðà ÷èñëåííûõ çíà÷åíèé ïàðàìåòðîâ ÿâëÿåòñÿ ïðèíöèï ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ – íàèëó÷øèì îïèñàíèåì ÿâëÿåòñÿ òàêîå, ïðè êîòîðîì ìàêñèìàëüíà âåðîÿòíîñòü ïîëó÷èòü èçìåðåííûå çíà÷åíèÿ âåëè÷èí. Â òåîðèè âåðîÿòíîñòåé äîêàçûâàåòñÿ, ÷òî åñëè îøèáêè ýêñïåðèìåíòà ïîä÷èíåíû ò.í. íîðìàëüíîìó çàêîíó, òî íàèëó÷øèì (â óêàçàííîì ñìûñëå) íàáîðîì ïàðàìåòðîâ áóäåò òàêîé, ïðè êîòîðîì ñóììà êâàäðàòîâ îòêëîíåíèé ýìïèðè÷åñêèõ çíà÷åíèé yu îò çíà÷åíèé, âû÷èñëåííûõ ïî ìîäåëè, îáðàùàåòñÿ â ìèíèìóì:


�EMBED Equation.2���.


Ìåòîäîì íàèìåíüøèõ êâàäðàòîâ íàçûâàþò ìåòîä îòûñêàíèÿ òàêîãî íàáîðà ïàðàìåòðîâ, êîòîðûé îáåñïå÷èâàåò âûïîëíåíèå óêàçàííîãî óñëîâèÿ.


Ïóñòü â ïðîöåññå èññëåäîâàíèÿ âàðüèðîâàëàñü îäíà íåçàâèñèìàÿ ïåðåìåííàÿ x è ïîñëå ïðîâåäåíèÿ N ýêñïåðèìåíòîâ ïîëó÷åíû çíà÷åíèÿ yu. Òðåáóåòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ïîäîáðàòü ïàðàìåòðû ëèíåéíîé ýêñïåðèìåíòàëüíî-ñòàòèñòè÷åñêîé ìîäåëè �EMBED Equation.2���.


Äëÿ ìîäåëè óêàçàííîãî âèäà ñóììà êâàäðàòîâ îòêëîíåíèé èìååò âèä


�EMBED Equation.2���.


Ñ÷èòàÿ ýòó ñóììó ôóíêöèåé íåèçâåñòíûõ ïàðàìåòðîâ


�EMBED Equation.2���,


ïîòðåáóåì âûïîëíåíèÿ íåîáõîäèìîãî óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà


�EMBED Equation.2���.


Äèôôåðåíöèðóÿ è ïðèðàâíèâàÿ ÷àñòíûå ïðîèçâîäíûå ê íóëþ, ïîëó÷èì


�EMBED Equation.2���.


Èçìåíèì ïîðÿäîê ñóììèðîâàíèÿ


�EMBED Equation.2���.


Åñëè âñå çíà÷åíèÿ xu ðàçëè÷íû, òî ïîëó÷åííàÿ ñèñòåìà äâóõ ëèíåéíûõ óðàâíåíèé (êîòîðóþ íàçûâàþò íîðìàëüíîé ñèñòåìîé) èìååò åäèíñòâåííîå ðåøåíèå. Ìîæíî äîêàçàòü ÷òî ýòî ðåøåíèå äåéñòâèòåëüíî ñîîòâåòñòâóåò òî÷êå ëîêàëüíîãî ìèíèìóìà ôóíêöèè �EMBED Equation.2���.


Ïðèìåð. Äëÿ ÷åòûðåõ âûáðàííûõ çíà÷åíèé xu íåçàâèñèìîé ïåðåìåííîé âûïîëíåí ýêñïåðèìåíò è ïîëó÷åíû çíà÷åíèÿ îòêëèêà yu (òàáë. 8.1).


Òàáëèöà 8.1


Ýìïèðè÷åñêèå çíà÷åíèÿ îòêëèêà


�
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�
�
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�
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Çíà÷åíèå îòêëèêà y�
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�



Âû÷èñëèì ñóììû, âõîäÿùèå â íîðìàëüíóþ ñèñòåìó:


�EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���.


Çàïèøåì íîðìàëüíóþ ñèñòåìó:


�EMBED Equation.2���.


Åå ðåøåíèå: �EMBED Equation.2���; �EMBED Equation.2���. Èñêîìàÿ ìîäåëü èìååò âèä


�EMBED Equation.2���.


Ïîäáîð ïàðàìåòðîâ ìîäåëè, ëèíåéíîé ïî ïàðàìåòðàì


Íîðìàëüíàÿ ñèñòåìà, âîçíèêàþùàÿ â ïðîöåññå ïðèìåíåíèÿ ìåòîäà íàèìåíüøèõ êâàäðàòîâ, îïðåäåëÿåòñÿ âèäîì ýêñïåðèìåíòàëüíî - ñòàòèñòè÷åñêîé ìîäåëè �EMBED Equation.2���. Â áîëüøèíñòâå ñëó÷àåâ íîðìàëüíàÿ ñèñòåìà ÿâëÿåòñÿ íåëèíåéíîé è ðåøàåòñÿ òîëüêî ÷èñëåííî.


Îäíàêî ñóùåñòâóåò äîñòàòî÷íî øèðîêèé êëàññ âàæíûõ äëÿ ïðàêòèêè ìîäåëåé, äëÿ êîòîðûõ íîðìàëüíàÿ ñèñòåìà ÿâëÿåòñÿ ëèíåéíîé è äîïóñêàåò ïðîñòîå è êîìïàêòíîå ïðåäñòàâëåíèå. Ýòîò êëàññ ïðåäñòàâëåí ìîäåëÿìè, ëèíåéíûìè ïî ïàðàìåòðàì


�EMBED Equation.2���.


Â ýòèõ ìîäåëÿõ ôóíêöèè �EMBED Equation.2���, �EMBED Equation.2��� íîñÿò íàçâàíèå áàçèñíûõ ôóíêöèé. Ïðèìåðàìè ìîäåëåé, ëèíåéíûõ ïî ïàðàìåòðàì, ÿâëÿþòñÿ ìîäåëè


�EMBED Equation.2��� (áàçèñíûå ôóíêöèè: �EMBED Equation.2���, �EMBED Equation.2���);


�EMBED Equation.2��� (�EMBED Equation.2���,�EMBED Equation.2���,�EMBED Equation.2���);


�EMBED Equation.2����(�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���), è ò.ä.


Äëÿ ìîäåëåé óêàçàííîãî âèäà


�EMBED Equation.2���


ñóììà êâàäðàòîâ îòêëîíåíèé îò ýêñïåðèìåíòàëüíûõ çíà÷åíèé yu èìååò âèä


�EMBED Equation.2���.


Ñ÷èòàÿ ýòó ñóììó ôóíêöèåé L íåèçâåñòíûõ ïàðàìåòðîâ, ïîòðåáóåì âûïîëíåíèÿ íåîáõîäèìîãî óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà


�EMBED Equation.2���, �EMBED Equation.2���.


Áàçèñíûå ôóíêöèè íå çàâèñÿò îò ïàðàìåòðîâ, ïîýòîìó âñåõ �EMBED Equation.2��� ïðîèçâîäíûå


�EMBED Equation.2���


ðàâíû íóëþ. Ñëåäîâàòåëüíî, â êàæäîé èç ñóìì �EMBED Equation.2��� îñòàåòñÿ îäíî íåíóëåâîå ñëàãàåìîå. Íîðìàëüíàÿ ñèñòåìà ïðèíèìàåò âèä:


�EMBED Equation.2���, �EMBED Equation.2���.


Ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ è ïåðåíîñÿ â ïðàâóþ ÷àñòü ñëàãàåìûå, â êîòîðûå âõîäÿò ýìïèðè÷åñêèå çíà÷åíèÿ yu, ïîëó÷èì:


�EMBED Equation.2���, �EMBED Equation.2���.


Âíîâü ìåíÿÿ â ëåâîé ÷àñòè ïîðÿäîê ñóììèðîâàíèÿ, çàïèøåì íîðìàëüíóþ ñèñòåìó â âèäå:


�EMBED Equation.2���, �EMBED Equation.2���.�
(a)�
�
Ââåäåì îáîçíà÷åíèÿ:


�EMBED Equation.2��� –


ìàòðèöà áàçèñíûõ ôóíêöèé;


�EMBED Equation.2��� –


âåêòîð - ñòîëáåö èñêîìûõ ïàðàìåòðîâ;


�EMBED Equation.2��� –


âåêòîð - ñòîëáåö îòêëèêîâ.


Òîãäà íîðìàëüíóþ ñèñòåìó (a) ìîæíî çàïèñàòü â ìàòðè÷íîé ôîðìå:


�EMBED Equation.2���.


Ïðèìåð. Äëÿ ÷åòûðåõ ïàð âûáðàííûõ çíà÷åíèé �EMBED Equation.2��� íåçàâèñèìûõ ïåðåìåííûõ âûïîëíåí ýêñïåðèìåíò è ïîëó÷åíû çíà÷åíèÿ îòêëèêà zu (òàáë. 8.2).


Òàáëèöà 8.2


Ýìïèðè÷åñêèå çíà÷åíèÿ îòêëèêà
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Èçâåñòíî, ÷òî ïåðåìåííàÿ z çàâèñèò îò ïåðåìåííîé x ëèíåéíî, à îò ïåðåìåííîé y – êâàäðàòè÷íî. Òðåáóåòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ïîäîáðàòü ïàðàìåòðû ìîäåëè


�EMBED Equation.2���.


Â äàííîì ñëó÷àå áàçèñíûå ôóíêöèè


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Ìàòðèöà áàçèñíûõ ôóíêöèé:


�EMBED Equation.2���.


Òîãäà:


�EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


Ðåøàÿ ñèñòåìó �EMBED Equation.2���, íàéäåì


�EMBED Equation.2���.


Èñêîìàÿ ìîäåëü èìååò âèä


�EMBED Equation.2���.


Íåÿâíûå ôóíêöèè


Íåÿâíîé ôóíêöèåé n ïåðåìåííûõ íàçûâàåòñÿ ôóíêöèÿ, çàäàííàÿ óðàâíåíèåì


�EMBED Equation.2���,


èëè


�EMBED Equation.2���.


Â ÷àñòíîñòè, íåÿâíîé ôóíêöèåé îäíîé ïåðåìåííîé íàçûâàåòñÿ ôóíêöèÿ, çàäàííàÿ óðàâíåíèåì


�EMBED Equation.2���.


Ïðèìåðîì íåÿâíîé ôóíêöèè ÿâëÿåòñÿ óðàâíåíèå îêðóæíîñòè


�EMBED Equation.2���,


êîòîðîå îïðåäåëÿåò íåÿâíóþ çàâèñèìîñòü îäíîé èç ïåðåìåííûõ x èëè y ÷åðåç äðóãóþ ïåðåìåííóþ.


Åñëè óðàâíåíèå �EMBED Equation.2��� îäíîçíà÷íî ðàçðåøèìî îòíîñèòåëüíî îäíîé èç ïåðåìåííûõ, òî çàïèñàâ ôóíêöèþ â âèäå �EMBED Equation.2��� èëè �EMBED Equation.2���, ìû ïðèõîäèì ê èññëåäîâàíèþ ÿâíîé ôóíêöèè îäíîé ïåðåìåííîé. Îäíàêî óðàâíåíèå �EMBED Equation.2��� ðàçðåøèìî íå âñåãäà; íàïðèìåð, óæå â ñëó÷àå óðàâíåíèÿ îêðóæíîñòè îäíîçíà÷íî âûðàçèòü îäíó ïåðåìåííóþ ÷åðåç äðóãóþ íåâîçìîæíî.


Ïðè èññëåäîâàíèè áîëüøîå çíà÷åíèå èìååò òåîðåìà ñóùåñòâîâàíèÿ íåÿâíîé ôóíêöèè.


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè òî÷êè �EMBED Equation.2��� (�EMBED Equation.2��� - ìåðíîãî ïðîñòðàíñòâà), ïðè÷åì ÷àñòíàÿ ïðîèçâîäíàÿ �EMBED Equation.2��� íåïðåðûâíà â òî÷êå M0. Òîãäà åñëè â òî÷êå M0 ôóíêöèÿ �EMBED Equation.2��� îáðàùàåòñÿ â íóëü, à ïðîèçâîäíàÿ �EMBED Equation.2��� îòëè÷íà îò íóëÿ, òî â ëþáîé ìàëîé îêðåñòíîñòè òî÷êè �EMBED Equation.2��� n - ìåðíîãî ïðîñòðàíñòâà ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ �EMBED Equation.2���, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ �EMBED Equation.2���. Ïðè ýòîì ôóíêöèÿ �EMBED Equation.2��� íåïðåðûâíà è äèôôåðåíöèðóåìà â óêàçàííîé îêðåñòíîñòè.


Çàìå÷àíèå. Íå ñëåäóåò äóìàòü, ÷òî åñëè óñëîâèÿ òåîðåìû ñóùåñòâîâàíèÿ íàðóøåíû, òî íåÿâíàÿ ôóíêöèÿ â íåêîòîðîì ñìûñëå «íå ñóùåñòâóåò». Íàïðèìåð, ðàññìàòðèâàÿ óðàâíåíèå îêðóæíîñòè �EMBED Equation.2��� êàê íåÿâíóþ ôóíêöèþ îò ïåðåìåííîé x, çàìåòèì, ÷òî óñëîâèÿ òåîðåìû íàðóøåíû â òî÷êàõ ïåðåñå÷åíèÿ îêðóæíîñòè ñ îñüþ àáñöèññ (êàñàòåëüíàÿ â ýòèõ òî÷êàõ âåðòèêàëüíà). Â òî æå âðåìÿ, ðàññìàòðèâàÿ óðàâíåíèå �EMBED Equation.2��� êàê íåÿâíóþ ôóíêöèþ îò ïåðåìåííîé y, çàêëþ÷àåì ÷òî â òî÷êàõ ïåðåñå÷åíèÿ îêðóæíîñòè ñ îñüþ àáñöèññ óñëîâèÿ òåîðåìû âûïîëíåíû (òåïåðü îíè íàðóøàþòñÿ â òî÷êàõ ïåðåñå÷åíèÿ ñ îñüþ îðäèíàò). Íàèáîëåå ñëîæíûì ñëó÷àåì ÿâëÿåòñÿ ëèøü ñëó÷àé ò.í. îñîáîé òî÷êè – òî÷êè, â êîòîðîé âñå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè �EMBED Equation.2��� îáðàùàþòñÿ â íóëü. Â îêðåñòíîñòè îñîáîé òî÷êè íåò íè îäíîé ïåðåìåííîé, îòíîñèòåëüíî êîòîðîé óðàâíåíèå �EMBED Equation.2��� áûëî áû îäíîçíà÷íî ðàçðåøèìî. Â îêðåñòíîñòè îñîáîé òî÷êè õàðàêòåð ôóíêöèè ìîæåò áûòü âåñüìà ñëîæíûì; íàïðèìåð, â ñëó÷àå ôóíêöèè îäíîé ïåðåìåííîé ìîãóò èìåòü ìåñòî òî÷êè ñàìîïåðåñå÷åíèÿ, òî÷êè ñàìîñîïðèêîñíîâåíèÿ è òî÷êè âîçâðàòà.


Íàéäåì ïðîèçâîäíóþ ôóíêöèè, çàäàííîé íåÿâíî. Âû÷èñëÿÿ îò îáåèõ ÷àñòåé ðàâåíñòâà �EMBED Equation.2��� ïðîèçâîäíûå ïî ïåðåìåííîé xs, ïîëó÷èì


�EMBED Equation.2���.


Òàê êàê ïåðåìåííûå xk, �EMBED Equation.2��� íåçàâèñèìû, òî ñðåäè âñåõ ïðîèçâîäíûõ �EMBED Equation.2��� ëèøü îäíà – ñîîòâåòñòâóþùàÿ �EMBED Equation.2��� – îòëè÷íà îò íóëÿ (è ðàâíà åäèíèöå). Ñëåäîâàòåëüíî


�EMBED Equation.2���.


Ïóñòü äëÿ ôóíêöèè �EMBED Equation.2��� âûïîëíåíû óñëîâèÿ òåîðåìû ñóùåñòâîâàíèÿ. Òîãäà �EMBED Equation.2���, è ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà íåÿâíîé ôóíêöèè îïðåäåëÿþòñÿ ôîðìóëàìè


�EMBED Equation.2���, �EMBED Equation.2���.


Íàïðèìåð, äëÿ ôóíêöèè �EMBED Equation.2���:


�EMBED Equation.2���.


Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ âû÷èñëÿþòñÿ ñóùåñòâåííî ñëîæíåå.


Ôóíêöèè, çàäàííûå ñèñòåìîé óðàâíåíèé. Íåëèíåéíûå ïðåîáðàçîâàíèÿ


Ïóñòü m íåÿâíûõ ôóíêöèé çàäàíû ñèñòåìîé óðàâíåíèé


�EMBED Equation.2���, �EMBED Equation.2���.


Ðåøåíèåì äàííîé ñèñòåìû íàçûâàþòñÿ m ôóíêöèé �EMBED Equation.2���, �EMBED Equation.2���, ..., �EMBED Equation.2���, ïðè ïîäñòàíîâêå êîòîðûõ â ñèñòåìó âñå óðàâíåíèÿ îáðàùàþòñÿ â òîæäåñòâà. Ðåøåíèå íàçûâàþò íåïðåðûâíûì è äèôôåðåíöèðóåìûì â íåêîòîðîé îáëàñòè èçìåíåíèÿ ïåðåìåííûõ x, åñëè êàæäàÿ èç ôóíêöèé �EMBED Equation.2���, �EMBED Equation.2��� ÿâëÿåòñÿ íåïðåðûâíîé è äèôôåðåíöèðóåìîé.


Ðàññìîòðèì ìàòðèöó


�EMBED Equation.2���.


Ýòó ìàòðèöó íàçûâàþò ìàòðèöåé ßêîáè, à åå îïðåäåëèòåëü íàçûâàþò ôóíêöèîíàëüíûì îïðåäåëèòåëåì, èëè ÿêîáèàíîì ñèñòåìû ôóíêöèé. ßêîáèàí ïðèíÿòî îáîçíà÷àòü


�EMBED Equation.2���.


Îáîáùåíèåì òåîðåìû ñóùåñòâîâàíèÿ íåÿâíîé ôóíêöèè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.


Ïóñòü m ôóíêöèé �EMBED Equation.2���, �EMBED Equation.2��� äèôôåðåíöèðóåìû â îêðåñòíîñòè òî÷êè �EMBED Equation.2��� �EMBED Equation.2��� - ìåðíîãî ïðîñòðàíñòâà, ïðè÷åì ÷àñòíûå ïðîèçâîäíûå �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2��� íåïðåðûâíû â òî÷êå M0. Òîãäà åñëè â òî÷êå M0 âñå ôóíêöèè �EMBED Equation.2���, �EMBED Equation.2��� îáðàùàþòñÿ â íóëü, à ÿêîáèàí îòëè÷åí îò íóëÿ, òî íàéäåòñÿ îêðåñòíîñòü òî÷êè �EMBED Equation.2��� n - ìåðíîãî ïðîñòðàíñòâà, òàêàÿ, ÷òî â ïðåäåëàõ ýòîé îêðåñòíîñòè ñóùåñòâóåò åäèíñòâåííàÿ ñèñòåìà ôóíêöèé �EMBED Equation.2���, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ �EMBED Equation.2���. Ïðè ýòîì ðåøåíèå íåïðåðûâíî è äèôôåðåíöèðóåìî â óêàçàííîé îêðåñòíîñòè.


Åñëè �EMBED Equation.2���, òî ñèñòåìà ôóíêöèé


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���


îñóùåñòâëÿåò îòîáðàæåíèå n - ìåðíîãî ïðîñòðàíñòâà ïåðåìåííûõ x íà n � ìåðíîå ïðîñòðàíñòâî ïåðåìåííûõ y. Ýòî îòîáðàæåíèå íàçûâàåòñÿ âçàèìíî-îäíîçíà÷íûì, åñëè êàæäîìó ïðîîáðàçó x ñîîòâåòñòâóåò åäèíñòâåííûé îáðàç, è êàæäîìó îáðàçó y ñîîòâåòñòâóåò åäèíñòâåííûé ïðîîáðàç x.


Èç òåîðåìû ñóùåñòâîâàíèÿ ñëåäóåò, ÷òî â îêðåñòíîñòè íåêîòîðîé òî÷êè îòîáðàæåíèå áóäåò âçàèìíî îäíîçíà÷íûì, åñëè â ýòîé òî÷êå îòëè÷åí îò íóëÿ ÿêîáèàí


�EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


Ïðè ýòîì ìîäóëü ÿêîáèàíà õàðàêòåðèçóåò èçìåíåíèå ìàñøòàáà ïðè ïåðåõîäå îò êîîðäèíàò x ê êîîðäèíàòàì y.


Ïðèìåð: ïîëÿðíûå êîîðäèíàòû. Ñâÿçü ìåæäó äåêàðòîâûìè è ïîëÿðíûìè êîîðäèíàòàìè âûðàæàåòñÿ ñèñòåìîé óðàâíåíèé


�EMBED Equation.2���.


Äàííàÿ ñèñòåìà îïðåäåëÿåò íåëèíåéíîå ïðåîáðàçîâàíèå ïåðåìåííûõ �EMBED Equation.2��� â ïåðåìåííûå �EMBED Equation.2���. ßêîáèàí ïðåîáðàçîâàíèÿ ðàâåí:


�EMBED Equation.2���.


ßêîáèàí îòëè÷åí îò íóëÿ âñþäó, çà èñêëþ÷åíèåì ïîëþñà (íà÷àëà êîîðäèíàò). Â ïîëþñå âçàèìíàÿ îäíîçíà÷íîñòü îòîáðàæåíèÿ íàðóøàåòñÿ: íà÷àëó êîîðäèíàò ñîîòâåòñòâóåò ëþáîå çíà÷åíèå ïîëÿðíîãî óãëà.


Óñëîâíûé ýêñòðåìóì


Â ïðèëîæåíèÿõ ÷àñòî âñòðå÷àåòñÿ çàäà÷à îòûñêàíèÿ ýêñòðåìóìà ôóíêöèè, àðãóìåíòû êîòîðîé ñâÿçàíû äîïîëíèòåëüíûìè îãðàíè÷åíèÿìè – óñëîâèÿìè ñâÿçè.


Ïóñòü äàíà ôóíêöèÿ �EMBED Equation.2��� ïåðåìåííûõ


�EMBED Equation.2���,�
(a)�
�
àðãóìåíòû êîòîðîé ñâÿçàíû ñèñòåìîé óðàâíåíèé


�EMBED Equation.2���, �EMBED Equation.2���.�
(b)�
�
Ãîâîðÿò, ÷òî ôóíêöèÿ (a) èìååò óñëîâíûé ìàêñèìóì (óñëîâíûé ìèíèìóì) â òî÷êå �EMBED Equation.2���, êîîðäèíàòû êîòîðîé óäîâëåòâîðÿþò óñëîâèÿì ñâÿçè (b), åñëè íàéäåòñÿ îêðåñòíîñòü òî÷êè M0, â ïðåäåëàõ êîòîðîé çíà÷åíèå ôóíêöèè (a) â òî÷êå M0 ÿâëÿåòñÿ íàèáîëüøèì (íàèìåíüøèì) ñðåäè çíà÷åíèé âî âñåõ òåõ òî÷êàõ îêðåñòíîñòè, êîîðäèíàòû êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì ñâÿçè.


Çàìå÷àíèå 7.14.1. Â ñâÿçè ñ äàííîé òåðìèíîëîãèåé ëîêàëüíûé ýêñòðåìóì ôóíêöèè, àðãóìåíòû êîòîðîé ÿâëÿþòñÿ íåçàâèñèìûìè ïåðåìåííûìè, íàçûâàþò áåçóñëîâíûì ýêñòðåìóìîì.


Ïóñòü, íàïðèìåð, òðåáóåòñÿ íàéòè ýêñòðåìóì ôóíêöèè �EMBED Equation.2��� ïðè óñëîâèè, ÷òî åå àðãóìåíòû óäîâëåòâîðÿþò óñëîâèþ ñâÿçè �EMBED Equation.2���; èíà÷å, òðåáóåòñÿ íàéòè ýêñòðåìóì ôóíêöèè �EMBED Equation.2��� íå íà âñåé ïëîñêîñòè, à ëèøü íà ïðÿìîé �EMBED Equation.2���. Âûðàæàÿ èç óñëîâèÿ ñâÿçè êàêóþ ëèáî èç ïåðåìåííûõ è ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå â ôóíêöèþ �EMBED Equation.2���, ñâåäåì çàäà÷ó ê îòûñêàíèþ ëîêàëüíîãî ýêñòðåìóìà ôóíêöèè îäíîé ïåðåìåííîé:


�EMBED Equation.2���;


�EMBED Equation.2���;


�EMBED Equation.2���.


Ôóíêöèÿ �EMBED Equation.2��� èìååò â òî÷êå �EMBED Equation.2��� ëîêàëüíûé ìèíèìóì. Ïîýòîìó òî÷êà �EMBED Equation.2��� áóäåò òî÷êîé óñëîâíîãî ìèíèìóìà ôóíêöèè �EMBED Equation.2��� ïðè óñëîâèè ñâÿçè �EMBED Equation.2���.


Â ñëó÷àå �EMBED Equation.2��� ïåðåìåííûõ äëÿ íàõîæäåíèÿ óñëîâíîãî ýêñòðåìóìà ôóíêöèè (a) òðåáóåòñÿ, ÷òîáû ôóíêöèè, âõîäÿùèå â óñëîâèÿ ñâÿçè (b), ÿâëÿëèñü äèôôåðåíöèðóåìûìè â îêðåñòíîñòè òî÷êè M0, ïðè÷åì â ñàìîé òî÷êå M0 ÿêîáèàí �EMBED Equation.2���, �EMBED Equation.2��� äîëæåí áûòü îòëè÷åí îò íóëÿ. Òîãäà â îêðåñòíîñòè òî÷êè M0 ñóùåñòâóåò ðåøåíèå ñèñòåìû (b)


�EMBED Equation.2���, �EMBED Equation.2���.


Ïîäñòàâëÿÿ ýòî ðåøåíèå â ôóíêöèþ (a), ñâåäåì âîïðîñ î ñóùåñòâîâàíèè óñëîâíîãî ýêñòðåìóìà ê âîïðîñó ñóùåñòâîâàíèÿ áåçóñëîâíîãî ýêñòðåìóìà ñëîæíîé ôóíêöèè n ïåðåìåííûõ


�EMBED Equation.2���.


Ïîñëåäíèé âîïðîñ ìîæåò áûòü ðåøåí èçâåñòíûìè ìåòîäàìè.


Ìåòîä ìíîæèòåëåé Ëàãðàíæà


Ïóñòü òðåáóåòñÿ íàéòè óñëîâíûé ýêñòðåìóì ôóíêöèè


�EMBED Equation.2���,�
(a)�
�
àðãóìåíòû êîòîðîé ñâÿçàíû m óñëîâèÿìè ñâÿçè


�EMBED Equation.2���, �EMBED Equation.2���.�
(b)�
�
Îòûñêàíèå óñëîâíîãî ýêñòðåìóìà ïîñðåäñòâîì èñêëþ÷åíèÿ m ïåðåìåííûõ ñâÿçàíî ñ íåîáõîäèìîñòüþ àíàëèòè÷åñêîãî ðåøåíèÿ ñèñòåìû (â îáùåì ñëó÷àå íåëèíåéíûõ) óðàâíåíèé (b). Îäíàêî â áîëüøèíñòâå ñëó÷àåâ íàéòè àíàëèòè÷åñêîå âûðàæåíèå êàêèõ-ëèáî m ïåðåìåííûõ èç óðàâíåíèé ñâÿçè (b) íåâîçìîæíî.


Ïðåäïîëîæèì, ÷òî ñèñòåìà (b) ðàçðåøåíà:


�EMBED Equation.2���, �EMBED Equation.2���,�
(c)�
�
è çàäà÷à ñâåäåíà ê îòûñêàíèþ áåçóñëîâíîãî ýêñòðåìóìà ôóíêöèè


�EMBED Equation.2���.


Ïóñòü â òî÷êå �EMBED Equation.2��� ôóíêöèÿ �EMBED Equation.2��� äîñòèãàåò ëîêàëüíîãî (áåçóñëîâíîãî) ýêñòðåìóìà. Íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà ôóíêöèè �EMBED Equation.2��� â òî÷êå �EMBED Equation.2��� ÿâëÿåòñÿ ðàâåíñòâî âñåõ ÷àñòíûõ ïðîèçâîäíûõ íóëþ. Íî òîãäà â òî÷êå �EMBED Equation.2��� ðàâíûì íóëþ áóäåò åå ïåðâûé äèôôåðåíöèàë


�EMBED Equation.2���,�



(d)�
�
ãäå òî÷êà �EMBED Equation.2��� íàõîäèòñÿ èç óñëîâèé ñâÿçè


�EMBED Equation.2���, �EMBED Equation.2���.


Ïóñòü â ñèñòåìó (b) ïîäñòàâëåíî åå ðåøåíèå (c). Òîãäà âñå óðàâíåíèÿ ñèñòåìû îáðàòÿòñÿ â òîæäåñòâà. Âû÷èñëÿÿ äèôôåðåíöèàëû îò îáåèõ ÷àñòåé ýòèõ òîæäåñòâ, áóäåì èìåòü


�EMBED Equation.2���, �EMBED Equation.2���.


Óìíîæèì âñå óðàâíåíèÿ ïîëó÷åííîé ñèñòåìû íà íåîïðåäåëåííûå ïîêà ïîñòîÿííûå ìíîæèòåëè �EMBED Equation.2���, �EMBED Equation.2��� è ñëîæèì èõ ïî÷ëåííî ñ ðàâåíñòâîì (d):


�EMBED Equation.2���,


�EMBED Equation.2���.�



(e)�
�
Ââåäåì â ðàññìîòðåíèå ôóíêöèþ Ëàãðàíæà


�EMBED Equation.2���.


Ðàâåíñòâî (e) ìîæåò áûòü çàïèñàíî â âèäå


�EMBED Equation.2���.


Ñëåäîâàòåëüíî, åñëè â òî÷êå �EMBED Equation.2��� äîñòèãàåòñÿ óñëîâíûé ýêñòðåìóì ôóíêöèè �EMBED Equation.2���, òî ýòà òî÷êà ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèè Ëàãðàíæà. Òàêèì îáðàçîì, çàäà÷à èññëåäîâàíèÿ ôóíêöèè �EMBED Equation.2��� íà óñëîâíûé ýêñòðåìóì ñâåäåíà ê çàäà÷å èññëåäîâàíèÿ ôóíêöèè Ëàãðàíæà íà áåçóñëîâíûé ýêñòðåìóì.


Çàìå÷àíèå 7.15.1. Ïðè èñïîëüçîâàíèè ìåòîäà ìíîæèòåëåé Ëàãðàíæà ïðîâåðêà íåîáõîäèìîãî óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà òðåáóåò ðåøåíèÿ ñèñòåìû �EMBED Equation.2��� â îáùåì ñëó÷àå íåëèíåéíûõ óðàâíåíèé. Ïîýòîìó åñëè ðåøåíèå âûïîëíÿåòñÿ àíàëèòè÷åñêè, òî ìåòîä ìíîæèòåëåé Ëàãðàíæà îáû÷íî ïðèâîäèò ê áîëåå ãðîìîçäêèì âûêëàäêàì.


Íàèáîëüøåå è íàèìåíüøåå çíà÷åíèå ôóíêöèè äâóõ ïåðåìåííûõ â îáëàñòè


Ïóñòü ôóíêöèÿ �EMBED Equation.2��� íåïðåðûâíà â îáëàñòè D, îãðàíè÷åííîé ëèíèÿìè �EMBED Equation.2���, ..., �EMBED Equation.2���.


Íåïðåðûâíàÿ â îáëàñòè ôóíêöèÿ äîñòèãàåò â ýòîé îáëàñòè ñâîåãî íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé. Ýòè çíà÷åíèÿ ìîãóò äîñòèãàòüñÿ ëèáî íà ãðàíèöàõ îáëàñòè, ëèáî â åå âíóòðåííèõ òî÷êàõ. Â ïîñëåäíåì ñëó÷àå èñêîìàÿ òî÷êà äîëæíà ÿâëÿòüñÿ ñòàöèîíàðíîé òî÷êîé ôóíêöèè.


Äëÿ íàõîæäåíèÿ íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé ñëåäóåò:


1. Íàéòè âíóòðåííèå òî÷êè îáëàñòè, êîòîðûå ÿâëÿþòñÿ ñòàöèîíàðíûìè òî÷êàìè ôóíêöèè �EMBED Equation.2���. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèè â íàéäåííûõ òî÷êàõ.


2. Íàéòè ñòàöèîíàðíûå òî÷êè ôóíêöèè �EMBED Equation.2��� ïðè óñëîâèÿõ ñâÿçè �EMBED Equation.2���, ..., �EMBED Equation.2��� (êàê è ðàíåå, ìîæíî íå ïðîâåðÿòü âûïîëíåíèå äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ óñëîâíûõ ýêñòðåìóìîâ).


3. Íàéòè çíà÷åíèÿ ôóíêöèè âî âñåõ òî÷êàõ ïåðåñå÷åíèÿ ãðàíè÷íûõ ëèíèé �EMBED Equation.2���, ..., �EMBED Equation.2���.


4. Ñðåäè âñåõ íàéäåííûõ çíà÷åíèé âûáðàòü íàèáîëüøåå è íàèìåíüøåå.


Ïðèìåð. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè �EMBED Equation.2��� â òðåóãîëüíèêå ñ âåðøèíàìè �EMBED Equation.2���, �EMBED Equation.2���, �EMBED Equation.2���.


1. Íàéäåì ñòàöèîíàðíûå òî÷êè ôóíêöèè. Èìååì


�EMBED Equation.2���; �EMBED Equation.2���;


�EMBED Equation.2���; �EMBED Equation.2���. 


Íàéäåííàÿ òî÷êà íå ÿâëÿåòñÿ âíóòðåííåé òî÷êîé îáëàñòè (îíà ëåæèò íà ãðàíèöå AB), ïîýòîìó íà äàííîì øàãå âû÷èñëÿòü çíà÷åíèå ôóíêöèè â ýòîé òî÷êå íåò íåîáõîäèìîñòè (íåòðóäíî òàêæå ïðîâåðèòü, ÷òî ôóíêöèÿ íå èìååò â ýòîé òî÷êå ëîêàëüíîãî ýêñòðåìóìà).


2. Óðàâíåíèÿ ãðàíèö: �EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���. Íàéäåì ñòàöèîíàðíûå òî÷êè:


AB: �EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���, �EMBED Equation.2���. Îðäèíàòó òî÷êè ìîæíî íàéòè èç óñëîâèÿ ñâÿçè: �EMBED Equation.2���. Çíà÷åíèå ôóíêöèè â ýòîé òî÷êå: �EMBED Equation.2���.


BC: �EMBED Equation.2���; �EMBED Equation.2���. Óðàâíåíèå �EMBED Equation.2��� íå èìååò êîðíåé; íà ãðàíèöå BC íåò ñòàöèîíàðíûõ òî÷åê.


CA: �EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���. Àáñöèññó íàéäåì èç óñëîâèÿ ñâÿçè: �EMBED Equation.2���. Íàéäåííàÿ òî÷êà ñîâïàäàåò ñ âåðøèíîé �EMBED Equation.2���, ïîýòîìó äàííîì øàãå âû÷èñëÿòü çíà÷åíèå ôóíêöèè â ýòîé òî÷êå íåò íåîáõîäèìîñòè.


3. Ñóùåñòâóþò òðè òî÷êè ïåðåñå÷åíèÿ ãðàíè÷íûõ ëèíèé – âåðøèíû òðåóãîëüíèêà ABC. Çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ: �EMBED Equation.2���; �EMBED Equation.2���; �EMBED Equation.2���.


4. Íàèìåíüøåå çíà÷åíèå äîñòèãàåòñÿ â òî÷êå �EMBED Equation.2���: �EMBED Equation.2���. Íàèáîëüøåå çíà÷åíèå äîñòèãàåòñÿ â òî÷êàõ �EMBED Equation.2��� è �EMBED Equation.2���: �EMBED Equation.2���.
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